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PBECISE  RESEARCH  OF  ASTHPTOTIC  RELATIONS  BEIMEEN  THE  AVERAGE 
EIPONERTIAL  AND  CHEBTSHEV  APPROIIHATIONS  (REPORT  II  *) . 


Ta. 


Reaez. 


FOOTNOTE  *.  The  first  part  of  the  Mork  is  printed  in  Ukrainian 
language  in  the  previous  issue  of  this  collccticn.  See  also  three 
author's  coapressed  report/coaaunicaticps  on  these  guestions  in  the 
PAS  of  the  USSR  (1947),  of  Vol.  LVIII. 

The  being  encountered  in  this  article  literary  references, 
aarked  by  nuaerals  in  brackets,  are  related  to  the  list  of  the  cited 
literature  of  the  first  part  of  the  work.  ENDFOCTNOTE. 


{13.  Subsequently  ve  are  intended  to  place  in  parallel  uith  the 
results,  obtained  in  {{3-11  the  previoua  report/coanunicat ion,  the 
asalogotts  facts,  ahich  concern  the  processes  interpolational, 
connected  uith  construction  for  the  assigned  on  segnent  [a,  b],  set 
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of  functions  {*«('))  the  solutions  of  the  probles  of  the  average 
exponential  approach/approxlsation  on  the  alternatlng/vari able  finite 
set  N of  the  points  of  segsent  [a,  b],  when  a rusher  of  points 
consecutively  and  unllsitedly  grows. 

Let  us  begin  fros  the  establishsent  of  scse  basic 
ccBBon/general/total  facts. 

In  the  saae  way  as  In  $3  and  the  following  after  It,  let  us  be 
hearth  Vq  (x),  V|  (x)  . ...»  oJix)  to  understand  certain  assigned 
and  fixed/recorded  systen  real,  continuous  cn  the  segaent  [a,  b]  (b 
— i ~ \)  and  of  linearly  Independent  o%  it  functions,  and  frcoi  the 
coBBon/gener  al/total  set  of  polynoaials  ^ imt  us  isolate  as 

the  pecaissible  polynoaials  those,  for  which  Cq  * 1,  l.e., 

let  us  place  in  the  correspondence  to  each  positive  integer 
value  of  auaber  N ^ n ♦ 1 certain  specific  totally  disconnected  set 
ly»C|a,  ^ consisting  of  N of  points 


*m,  (a. 


(134) 


POOTIOTE  s >.  Essence  of  further  exanlnations  did  not  change  if  we 
gave  > not  all  positive  integer  values  ^ ♦ 1,  tut  certain 
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infinite-increasing  particular  sequence  of  the  sane.  EHOPOOTNOTE. 

Analogous  with  probleas  (9)*  (10)  they  are  forsulated  for  each 
of  the  final  totally  disconnected  sets  in  question  the  prohlen: 

(si>l)  (185) 

and 

4MfC*l“4iKci «0“  ■•xl*(jr)|  • Bia,  (186) 

solutions  of  which  (for  the  second  task  - not  necessarily  the  cniy 
ones)  let  us  designate  respectively  by  ^kxiv)  and  tpuM- 

Page  25. 

8e  will  assuae  still: 

(187) 

and,  on  the  other  head,  pceaerviog  designations  (10),  (13), 

085) 

The  establishaent  of  the  corresponding  estiaate/evaluations  for 
value  at  the  large  values  of  a and  M will  coapose  the  final 

goal  of  farther  exaaiaations  ($15). 
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In  order  to  ensure  the  uniqueness  of  the  solution  of  problem 
(135)  for  each  value  of  N,  it  is  sufficient  (coap.  §1)  to  agree, 

during  the  coaposition  of  totally  disconnected  sets 

each  tiae  to  attend  to  to  include/connect  in  its  coaposition  any  and 
the  points  of  segnent  [a,  b ],  on  which  the  functions  niU),...jni(jr) 
are  linearly  independent,  which  is  surely  possible  in  view  of  the 
assuaed  linear  independence  of  functions  froa  segaent  [a,  b ]. 


FOOTNOTES  For  sufficiently  large  values  of  M the  linear 
independence  of  functions  */■>)  for  [including  even  •.(xj] 
and,  therefore,  the  uniqueness  of  the  solution  cf  problea  (135)  in 
actuality  turn  out  to  be  autoaatically  provided  for  under  condition 
(139)  already  on  the  strength  of  the  assuaed  linear  independence  of 
continuous  functions  on  segaent  [a,  b]  as  of  this  it  is 

possible  to  be  convinced  by  the  reasoning,  analogous  to  given  below 
in  the  proof  of  theoren  (conp.  also  observation  to  theorea). 

3*.  Conp.  chapter  VIIX  ay  nonograph  [10].  ENDFCOTNOTBS. 


Tory  significant  for  future  reference  it  turns  out  to  be. 
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furthecaore,  the  re9aic«aent  in  ocdec  that  duclng  gcoath  in  nuirbcr  n 
of  the  point  of  set  Em  they  would  be  distributed  over  segaent  [a,  b] 
at  least  approxiaate-evenly.  This  reguireaent  we  can  understand  here 
in  the  following  sufficiently  soft  sense: 


f'or  any  fixed/recorded  particular  segaent  {•>  [a,  m aust  exist 

this  positive  nuaber  x,  independent  of  K,  but  which  is  powerful  of 
depending  on  the  segaent  itself  [a,  ^ ] in  order  that  designate 
through  a nuaber  of  points  of  set  Em,  which  fall  on  this 

particular  segaent  [a«  fi]  would  satisfy  the  inequality: 

— f for  sufficiently  large  N.  (139) 

N *-« 

By  assuaing  these  conditions  aade,  now  let 
establish/install  the  following,  that  has  fundaaental  value  for 
further  conclusion/derivations  the  theorea,  analogous  by  that,  that 
was  establish/installed  in  §1  for  the  in  principle  siapler  case  of 
the  fixed/ recorded  aultitude  E. 

Theorea.  The  coeCficiests  the  polyaoaial 

+ (140> 

eaployee  by  the  solution  of  problea  (135) « ace  unifocaly  bounded  in 
their  set  for  all  values  of  V > n ♦ 1 and  a > 1 in  question. 
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Proof.  For  any  that  which  was  fix/recorded  Eg  and,  therafoce, 
generally,  for  Halted  M 4 N the  liaitedness  of  coefficients 
escape/ensues  froa  theorea  of  §1.  Therefore,  prcving  this  theorea  of 
the  contrary,  it  suffices  to  assuae  existence  of  the  sequence  cf  the 
peraissible  polynoaials  - the  soluticns  of  the  corresponding  probleir 
of  average  exponential  approach/approxiaat icn  (135): 

for  which  siaultan eously  they  would  take  place  of  the  relationship: 

M OB,  • with  V -toB,  (14J) 

where  L it  designates  value  (3). 

Let  us  consider  (generally,  not  belonging  already  to  the  class 
"peraissible")  the  "given  polynoaials": 

a(*)  - a - (v-l,  1.  3,...X  (143) 

satisfying,  obviously,  the  condition 

(v-l,  044) 

Let  it  will  be 
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Fcob  the  cequiceeent 

(146) 

it  follows  iaaediately: 

with  »-♦«,  (147) 

On  the  other  hand,  as  a result  of  the  liaitedness  of  the 
coefficients  of  the  given  pclynoaials  12.,  expressed  by  con  diti on 
(144),  there  is  a particular  sequence  cf  indices  v,  (s  - 1,  2,  3, 
...),  for  which  ail  n ♦ 1 coefficients  cf  polyncaial  12, 
siaultaneouBly  approach  the  liaiting  values,  which  determine  certain 
pclynoaial.  12,(x).  The  latter  satisfies,  obviously,  the  same 
condition  (144)  (has  a coefficient  with  m*(Jr)  the  knowingly  equal 
to  zero). 

Page  27. 

Restoring,  for  larger  siaplicity,  a designation  *,  instead  of  v,. 
for  the  index  of  this  particular  sequence,  we  have,  therefore. 
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•v«Dly  for  a<x<l^  044) 

- 1.  (149) 

It  is  obvious  with  the  fact  that  celat icnship  (147)  recains  valid  and 
foe  this  particular  sequence.  Here,  however,  iviediately  is 
reveal/detected  contradiction. 

Actually,  froB  (149),  taking  into  account  the  linear 
independence  of  functions  d^x)  on  [a,  b ],  we  include  that  the 
polynosial  is  different  of  identical  zero  on  [a,  b ],  and  its 

Bodule/Bodulns,  being  continuous  function  of  x,  it  has  certain 
positive  BiniBUB  2p  of  any  particular  segaeot  [«,  length 

0 - a « 1.  On  the  sane  segnent  [a,  the  given  polynoBials  12.  at 

sufficiently  large  values  *’>P'  satisfy  the  condition 

jBlB|ftCt)|>^  for  p>p.  (ISO) 

But  in  that  case,  taking  into  account  condition  (139)  , which 
will  be  Bade  along  with  (150)  for  sufficiently  large  v>r>i^ 
we  for  all  such  values  p oust  have: 

that,  on  coaparison  with  (147) , and  it  coapletes  proof  by 
contradiction. 


.-I 


iA 
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Observation.  6y  using  the  very  light/lung  aodification  of  the 
given  here  reasonings,  it  is  possible  tc  be  convinced  analogously  of 
the  unifors  limitedness  of  the  coefficients  of  the  polynonial  4>w(x)» 

and  a^so  of  absolute  linitedness  frca  bclov  value  fK  at 
liaif«>0. 


§14.  He  can  now  nearer  approach  the  resolution  of  the  guestion 
concerning  the  establishment  of  estimate/evaluations  for  values 
(138)  ]. 

Examining  preliminarily  problems  (135)  and  (136)  on  any 
fixed/recorded  multitude  Em  ( (134)  ] and  completely  without  taking 
into  account  the  behavior  of  functions  oix)  and  of  polynomial  on 
the  remaining  part  of  the  segment  [a,  b ]•  wc  we  can  consider  value 
[ (137)  ],  on  the  basis  of  the  relationship 

(182) 

escape/ensuing  from  the  requirement 

W ^ jr]<  ^ jr  ( 44*1. 


Page  28 
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Locjar  it  hiizing  (152)  (after  decrease)  and  introducing,  analogous 
to  (18)  and  (20),  the  value: 

(158) 


we  will  obtain: 


1 io«jr 

■«.»<- > 

2ttm.K  m 


(154) 


and,  which  neans,  theses  it  is  sore 

W Ol 


(155) 


PCOTHOTE  In  the  case  Vw*®.  or  even  Va— ®.  which  alsc  is 

not  ezcluded  by  the  general  conditions,  accepted  in  previous 
paragraph  (at  least,  for  toe  large  values  of  N) , we  will  set/assune 
Va'I.  and  (154)  surely  it  will  renain  valid,  if  we  with  Pjr^O 
count  always  ENCFOCTNOTE. 


A nuaber  here  surely  is  positive  in  view  of  linitedness  *«■«< 

which  with  fixed  Eh  and  alternating/variable  ■ > 1 it  is  the 
corollary  of  the  nnifora  (relative  to  a)  linitedness  of  the 
coefficients  of  the  polynonial  resulting  fron  the 

general  theorens  of  §1.  In  view  of  the  clearly  adjustable  by 
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relationship  (155)  infinite  saallness  of  •‘m.jr  when  m-*  • (which, 
however,  and  priori  it  had  to  in  this  case  to  cccuc  on  the  strength 
of  conaon/general/tota 1 theoren  of  §2)  we  cone  further  for  the  large 
values  of  n to  the  obvious  precise  conclusions: 

^ (166) 

If  we  begin  now  to  vary  in  (152)  not  only  a,  but  also  N,  then  we 
logically  will  arrive  at  the  need  for  introducing  to  examination 
value 

(157) 


The  having  nost  essential  value  for  the  justifiability  of 
further  conclusion/derivations  fact  of  the  positivity  of  this  value 
is  establish/installed  analogously  to  fact  wjv>0,  bot  no  longer  on 
the  basis  of  theoren  of  §1,  but  on  the  basis  of  the  theoren, 
denonstrated  in  the  previous  paragraph,  and  observation  to  it.  On  the 
strength  of  (154)  we  have  directly 


2v  m 


(158) 


In  this  relationship  of  paraneters  n and  N (n  > 1,  N ^ n » 1) 
they  can  be  varied  conpletely  independently  of  each  other. 


Page  29 
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Let  us  allow  however,  that,  increasing  w,  we  siaultan eously 
change  and  N as  certain  function  of  m thus,  that  with  w 
have  log  N/a  ->  0. 


PCOTNOTE  Me  aake  this  assuwption  for  siaplicity.  It  would  be 
possible  to  visualize  in  eore  coaaon/gener al/tctal  fore  that  a and  n 
are  changed  siaultaneously  depending  on  any  third  value,  which  plays 
the  role  of  their  coaaoo/general/total  arguaent,  EMDFOOTffOTE. 


Then  value  "m.K  turns  out  to  be  on  the  strength  of  (158) 

inf initesi aal,  and  this  it  iaply,  according  to  (153),  (154),  the 

relationsh ip; 


lia  w.. 


(1S9) 


Finally,  before  going  further,  we  will  refine  soaewhat 
introduced  by  us  under  §13  condition  (13*)  about  approrinate-  the 
even  distribution  of  the  points  of  set  on  segnent  [a,  b](b-a= 
1)  during  the  large  values  of  M.  Specifically,,  considering  nuabers 

(130)  arrange/loonted  la  aaeaadiag  ocdac  and  daaigaatiag 

Aw-aaz (sm-s.  SM-Jrwfc. ...  (liG| 
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He  let  us  assuee  aade  the  folloning  conditicn  cf  the  extceaity  of  two 
values  s,  s' ; 


FOOTNOTE  3*.  It  is  not  difficult  to  coapcehend  that  always  s ^ 1. 
ENDPOOTNOTE. 


It  is  easy  to  understand  that  this  last/lattec  condition  is 
certain  intensification  of  condition  (139):  under  condition  0^1) 
surely  turns  out  to  be  that  which  was  wade  condition  (139),  besides 
with  the  constant  value  of  paraaeter  x (independent  of  the  selection 
cf  the  particular  segaent  [a,  on  [a,  b ])  , fcr  such  it  will  be 
possible  to  take  any  fixed/recorded  positive  nuaber  less  than  1/s. 

$15.  Now  we  can  be  converted  already  directly  to  values  (13H), 
for  the  purpose  of  evaluating  the  unifcrn  on  all  segaent  [a,  b] 
approach/approxination,  reached  by  pclyroaial  * by  the 

solution  of  the  problea  of  the  average  exponential 


DOC  » 77126500  PAGE  14 

approach/approxination  on  the  final  point  set  Ex  (134)  the  save 
segaent,  coaparing  this  pclynoaial  with  polynoiial  ^’•(*)  t(12)  ]. 

that  represent  the  best  unifora  approxiaat icn  (saallest  aaifora 
deviation  froa  zero)  on  segaent  [a,  b]. 

Page  30. 

Bith  designations  (10)  - (13)  and  (135)  - (138)  we  have  first  ot 

all: 

<{^4 «lv A]-3cA(0..*n-t #)-»»>.  (102) 

Assuaing  functions  b^)  (i  = 0,  1.  n)  belonging  tc 

certain  class,  characterised  by  conditicns  of  the  type  (61)  with 
specific  aajorant  function  v{6),  polynoaials  on  the 

strength  of  the  deaonstrated  anlfora  liaitedness  of  their 

coefficients  will  everything  satisfy  the  saae  rendition  (61)  with 
certain  constant  value  of  coefficient  of  K,  depending  neither  cn  a 
nor  of  N,  since  we  thus  far  leave  aside  the  guestion  concerning  the 
refinenent  of  the  value  of  this  coefficient.  In  that  case  we  froa 
(162)  is  easily  concluded: 

(IM) 

where  valee  it  le  hoesdedfroe  two  sides: 
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Let  us  introduce  into  lore  specific  type  eiaeination  the 
interpolat ional  process,  in  which  the  selection  of  the  final  totally 
disconnected  set  Es  (134),  with  increasing  s,  is  subordinated, 
besides  condition  (161) , to  the  also  following  condition,  which 
establish/installs  the  general  nature  of  dependence  between 
paraeeters  a and  M: 

(165) 

Here,  with  the  preservatioe/retention/saintaining  of 
designations  of  §§9  and  10,  9*9*  it  designates  certain 

resaining  at  our  disposal  (for  providing  a larger  flexibility  of 
algorithe)  positive  paraseter,  which  we  at  first,  for  a definition, 
also  will  assuee  bilaterally  liaited  [with  subsequent  replacesent  ot 
this  cequireeent  by  sore  general  conditions  (172)  ]: 

0<«.<9<«..  (166) 

Fron  condition  (165)  we  obtain,  taking  into  account  (93)  and 

(35)  : 

7-—  - 91119(901),  (167) 

W . zif  (9n)]  . 

that  directly  it  gives  to  us,  by  the  way,  convenient  for  aany  cases 
explicit  expression  for  R in  the  fora 


(168) 
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showiBg  that  vlth  ■ — > • nuabec  N will  gccw  always  slower,  in  any 

case,  than  «•. 


Fa^e  31. 


On  the  other  hand,  then  (167),  taking  into  account  (166),  we 
have,  obviously. 


lof  JV«(1 + n)  lof  - (1 + ^ gmf  (gai) 

(i,-v0  with 


On  the  basis  (16S)  and  (167«)  relationship  (163)  assuaes  the 

fora: 

+ (189; 

However,  we  can  be  freed  froa  denoainator  j*  in  the  second  aeaber 
in  the  fora  of  tha  establisbed/installed  now  infinite  saallness  of 
relatioa  ^^^*(I-fi|)«f(fai);  baiag  returned  to  (163)  and  using  now 
inefaelity  (15*),  iaetead  of  (158),  taking  into  account  (159),  we 
•lU  eM«BO  (l+'8:v. »■!+*.  that  It  will  give  to  ns: 

A.«<Xf(fai)'hgf(l  >(•<)> (wm)  Jhav-Q)  . 070) 
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or,  dividing  oa  2f  and  ceaeabering  that 

+ with  or -»M). 

This  means  that  taking  account  (96)  that 

+ (0<»-#.<l).  (171) 

fain*  chacactarisas,  according  to  (138),  the  unifors  on 

sagaent  [a,  b]  approach/approxiaation,  reached  by  the  inte rpolatioaal 
polynonial  of  the  average  exponential  approach/approxiaation 
Eguate/coaparing  obtained  fcr  it  estinate/evaluat ion  (171)  - (171*) 
vith  estinate/eval nation  (10U)  - (104*)  - (121)  - (123)  analogous 

value  "m  for  the  polynonial  of  the  average  exponential 
approach/approxiaation  on  the  entire  scgaent  taking  into 

account  the  aaking  nore  precise  observations  in  f11,  we  first  of  all 
va  can  state/astablish  that  significant  circuastance  that  the 
replacenent  </>.(x)  by  interpolat ional  polynonial  with  the 

observance  of  conditions  (165)  - (166)  and  (16  1)  not  only  does  not 
break  the  very  fact  of  convergence  to  Chebyshev 

approach/approxiaation  in  the  sense  of  the  tendency  toward  xerc  of 
both  differences 

Al9Kj-e  iv./ 

bet  also  leaves  (in  the  general  case)  by  constant  the  order  of 
aagnltude  of  the  difference  in  question,  wbicb  in  both  probleas  is 
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deteriined  by  the  order  of  eagnitude  of  function  # (■)  . 

Page  32. 


Being  converted  further  to  the  exaiination  of  the  coefficients 
with  e (a)  in  the  compared  estiaates,  we  let  us  note,  in  the  first 
place,  that  when  Chebyshev  problem  (10)  has  infinite  solution  set 
whose  coefficients  can  in  that  case  be  treated  as  coordinates  cf 
point  (ha.  Wfea>»*eia)b  that  which  pass  certain  limited,  closed,  and 
convei  totallf  discoBaected  set  Hg  in  the  appropriate  N-di aensiona 1 
euclidean  space  >*,  about  coefficient  of  K in  (171)  is  represented 
possible  to  only  say  that  to  it  can  be  assigned  (at  the  large  values 
of  a)  value,  how  conveniently  close  to  the  face  side  of  the  sawe 
structural  coefficient  K in  relationship  (61)  for  the  mentioned  set 
(Ho)  of  Chebyshev  pclynoaials  {^«(e)) 

FOCTHOTES  Coap.  chapter  VIII  ay,  cited  aonograph  [10], 

It  is  not  difficult  to  see  that  the  point  •. 

io  the  mentioned  R-diaensional  euclidean  space  lafiBite 
approaches,  in  the  coarse  of  interpolation  process  in  question. 


totally  disconnected  set  H«.  On  the  other  hand,  it  is  easy  to 
comprehend  that  the  order  of  the  saallness  of  the  distance  of  the 
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point  indicated  fcon  set  Ho  noncan  never  to  be  higher  than  the  order 
of  the  sullness  of  values  and  conseguently  in  the 

general  case  there  cannot  be  higher  than  the  order  of  the  saallness 
of  value  ♦ (e)  at  a •.  ENDFOOTNOTES. 


But  when  solution  Chebyshev  pt  oblee  (10)  turns  out  to  be 

only*  and  specifically*  consequently*  in  all  cases  when  functions 
conpose  on  sequent  [a*  b]  the  set  cf  functions  of 
Chebyshev  **  (in  other  words  - when  is  satisfied  the  Haar  condition 
[11]*  nentioned  in  footnote  * §2]*  it  will  be  possible  to  count 
coefficient  of  K (171)  how  convenient  to  close  to  the  value  of  the 
nentioned  structural  coefficient  of  K for  this  cnly  Chebyshev 
pclynonial  4%(a}. 


FCOTllOTE  •»  S.  «.  Bernshteyn,  [21]*  Chapter  1,  ENDPOOTWOTR, 


In  these  cases  ne  can  Identify  coefficient  of  K in  (171)  with 
coefficient  of  k in  (104)  • (121)*  also*  on  this  basis/base  sake  a 
nore  precise  quantitative  conparison  of  estinate/evaluations  (171) 
and  (104)  - (121).  Relationship  (171)  can  in  actuality  serve  as 
starting  point  for  different  posing  of  the  question  concerning  the 
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■ost  advantageous  possible  selection  of  the  value  of  the  paranetei 

in  the  detecained  by  us  interpclaticnal  process.  He  here  will 
paase,  nainly,  at  one  of  then,  exanining  guesticn  fron  the  standpoint 
of  the  accessible  here  aaxiaua  refineneot  cf  inter polational 
algorithn  and  planned  sore  precise  coapariscn  cf  convergence 
properties  of  both  processes  with  a 


In  the  individualized  study  of  prcblei  for  the  different 
concrete/specific/actual  classes  of  functions,  «e  sonetiaes  will  have 
the  capability,  always  retaining  condition  (161)  and  (165), 
substantial  to  widen  condition  0^6),  by  set/assuaing  Ci  = 0 or  by 
fubstituting  Cg  on  by  requiring  only  satisfaction  of  the 

conditions 


(17*) 


Page  33. 


■ith  the  observance  of  the  first  of  these  conditions  (172)  we 
surely  will  have  qa  and  this  - only,  that  is  required  for 

provision  (167*)  and  all  reaaining  relationships  froa  (167)  to  (171) 
iacluaively  also,  as  easily  seen,  they  will  reaain  coapletely  in 
force  under  the  conditions  (172). 

1.  Case  of  functions  a^sX  satisfying  the  Lipshitz  condition 

4 

* 

a 

? 

I 


£ 
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of  ocdor  r (0  < r ^ 1) . 


On  the  strength  of  (124)  we  have  here  under  condition  (166) 


(178) 

• 1+/  ;_v_L  !+•*'  , V 

e(")+  - f(*). 

af  f 2 

074) 

PCOTMOTE  ♦»-  By 

*1.  *1  and,  etc 

subsequently. 

without 

specifying  this. 

we  understand  sone  functions 

c£  a,  which 

approach  0 

thenselves  when  ■ EMDPOOTNOTE. 


Taking  £.'t  in  C^^h)  by  sufficiently  large,  we  we  can  here  do  the 
first  nenber  is  how  aany  by  conveniently  snail  as  conpared  with  the 
second  ♦ *« 


POOTNOTB  * *.  Upon  another  posing  of  the  geestion,  without  attaining 
(asysptotic)  the  sinieization  of  expression  (174  in  question)  [which 
la  this  case  Is  reached  by  the  price  of  an  increase  in  the  nuaber  of 
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used  abscissas  in  (135)  but  desiring  only  as  far  as  possible  to 
SBOoth  the  values  of  both  neabecs  in  right  side  (174),  we  would  be 
taken  ««  — . 

ff 

Let  us  note  still  that  the  ascending  order  in  the  nuaber  cf 
interpolat  ional  abscissas  <>«•  pri,  a -?  • for  the  taken  apart  case 

aore  convenient  anything  is  obtained  not  iron  (168),  but  directly  to 

(165)  in  the  fora: 


PMDFOOTIIOTE. 


Consequently,  by  designating  through  * as  saall  as  desired, 
assigned  on  arbitrariness  positive  nsabcr,  let  us  have,  by  taking 
into  account  again  (124) : 

(M>ai4.  (176) 

and  we  see  directly  that  the  obtained  upper  boundary  for 
asyaptotically  differs  how  conveniently  little  froa  the  appropriate 
boundary  for  that  adjustable  in  this  case  by  aost  precise 
relationship  (27*) . 


finally,  substituting  condition  (166)  by  less  constrained 
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conditions  (172)  and  taking,  for  exaspls,  it  is 
concrete/s  pecif ic/actua  1 

g-gT login  (O<oi<g'-g^<«,)0,  (177) 

Mhere,  as  easily  seen,  (173)  and  (17<4)  they  preserve  their  form,  we 
is  already  cospletely  reached  the  asynptotic  equality  of  both 
cospared  boundaries,  since  arbitrarily  the  close  to  unity  coefficient 
(1+d)  in  (176)  is  substituted  by  coefficient  hy  infinitely  close  to 

ssity. 


POOTItOTK  ♦ *-  In  this  case  in  relation  (175)  it  is  necessary  to  endow 
by  divider /denoninator  log  a but  with  a sisultaneous  isprovement  in 
the  nuserical  coefficient.  ENDFOOTNOTE. 


Page  34. 

2.  Case  of  functions  oM,  satisfying  the  weakened  condition 
Clnis  Ist  order  (52). 

Here  we  have  accurately  (cosp.  §11): 

f(ai).  (17t) 
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Thus, 

a79) 

If  2 

With  9*—  Me  obtain: 

f 

j («)+ («) - 

(180) 

and  we  again  can  accurately  state/establish  asynptotic  agreenent  with 
upper  bound  for  ■.*  adjustable  by  relationship  (59). 

3.  fh  e case  of  functions  o/x),  satisfying  the  weakened 
condition  oinis  (127)  arbitrary  order  •>>2. 

Here,  as  can  easily  be  seen  fron  (128),  accepting  at  first 
condition  (166),  we  have: 

fiquH  - (1  + «i)f  (aiX  aSI) 

Consequently, 

A^#<~(l+t0f(«)+ (188) 

2 
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1 

Talcing  now  in  (166)  Cg  by  sufficiently  snail  let  us  find,  it  is 
analogous  uith  that,  as  this  was  done  in  the  ficst  case: 

understand iiig  by  6 as  snail  as  desired  arbitrarily  assigned 
(f ix/cecorded)  positive  nunber.  He  have,  thus,  as  in  the  case  1^ 
asynptotically  how  conveniently  close  agreenent  of  the  specific  here 
upper  boundary  for  fm,ti  and  with  the  nost  precise  value  of  upper 
bound  for  •>«  according  to  results  of  §11. 

Page  35. 

But  also  in  this  case  accessible  the  full/total/conplete 
asynptotic  agreenent  (asynptotic  eguality)  of  both  conpared 
boundaries  and  besides  with  an  advantageous  decrease  in  nunber  N of 
interpolat ional  abscissas,  if  we,  substituting  condition  (166)  for 
(172),  take  concrete/specific/actually  at  least 

(184) 

with  any  •*. 

POOTNOTB  Xn  the  relation  to  an  asynptotic  decrease  in  the  nunber 

4 

of  interpolational  abscissas  here  it  would  be  possible  to  go  and  i 

! 

! 
t 

\ 
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considMTAbly  further*  reinforcing  speed  of  the  decrease  of  the 
paraaetec  «-«.  at  a ->  • (especially  for  •>>3)  - either  with 

observance  (181)*  or  with  the  replaceaent  of  the  reqalreaent  fcr 
asyaptotic  equality  (181)  by  certain  inequality*  let  us  say* 


<*. 


on*) 


which*  it  goes  without  saying*  will  sake  it  possible  to  achieve 
further  decrease  in  the  ascending  order  N and*  etc.  ENDFOOTNOTF. 


The  aggregate  of  the  results*  to  which  led  us  in  the  present 
work  research  presented*  has  nearest  value  for  the  questions  of 
application/appendix  to  the  Chebyshev  probleas  proposed  by  ae  (sec 
introduction)  the  aethod  of  the  approxiaate  construction  of  the 
solutions  of  the  prooleas  of  the  aean-exponential  approxiaation* 
justifying*  in  particular*  the  application/use  of  an  inter polational 
version  of  the  nentioned  aethod  with  the  eliaination  of  those 
difficulties  of  fundaaental  nature*  into  which  runs  the  use  in  of 
this  kind  the  questions  of  soae  coaaonly  used  in  other  cases  of  the 
aethods  of  the  approxiaation  calculus  of  integrals. 
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